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We show that it is possible to realize significant nonlinear optical interactions at the few photon
level in graphene nanostructures. Our approach takes advantage of the electric field enhancement
associated with the strong confinement of graphene plasmons and the large intrinsic nonlinearity of
graphene. Such a system could provide a powerful platform for quantum nonlinear optical control of
light. As an example, we consider an integrated optical device that exploits this large nonlinearity
to realize a single photon switch.
PACS numbers: 78.67.Wj, 73.20.Mf, 42.50.-p, 42.65.Hw
Introduction - Nonlinear optical processes find ubiqui-
tous use in modern scientific and technological applica-
tions, facilitating diverse phenomena like optical modula-
tion and switching, spectroscopy, and frequency conver-
sion [1]. A long-standing goal has been to realize nonlin-
ear effects at progressively lower powers, which is difficult
given the small nonlinear coefficients of bulk optical ma-
terials. The ultimate limit is that of single-photon non-
linear optics, where individual photons strongly interact
with each other. Realization of such nonlinear processes
would not only facilitate peak performance of classical
nonlinear devices, but also create a unique resource for
implementation of quantum networks [2] and other ap-
plications that rely on the generation and manipulation
of non-classical light.
One approach to reach the quantum regime involves
coupling the light to individual quantum emitters to take
advantage of their intrinsically nonlinear electronic spec-
trum [2, 3]. While a number of remarkable phenomena
have been demonstrated with these systems [4], their re-
alization remains a challenging task. Specifically, in con-
trast to conventional bulk nonlinear systems, coherent
single quantum emitters are generally unable to operate
under ambient conditions, suffer from relatively slow op-
erating speeds, are prone to strong decoherence in solid-
state environments, and have limited tunability of their
properties.
Fueled by these considerations, there has been renewed
interest in nonlinear optical materials that can reach the
quantum regime [5–7]. In particular, recent experiments
demonstrated the realization of a quantum nonlinear
medium, featuring single photon blockade [8] and con-
ditional two-photon phase shifts [9], in a cold, dense gas
of strongly interacting atoms. The essence of these ap-
proaches is that the interaction probability for two pho-
tons becomes substantial if the photons are confined to a
sufficiently small mode volume of the nonlinear medium
for sufficiently long times. Motivated by these recent de-
velopments, in this Letter we explore the potential for
using nanoscale surface plasmon excitations in graphene
for quantum nonlinear optics. Graphene, a single atomic
layer of carbon atoms, has attracted tremendous inter-
est for its unique electronic, mechanical, and quantum
transport properties [10–12]. Recently it has also been
realized that the unique properties of graphene have a
strong effect on the guided electromagnetic surface waves
in the form of surface plasmons (SPs) [13–15]. In partic-
ular, recent theoretical [14–17] and experimental [18–20]
results indicate that graphene plasmons can be confined
to volumes millions of times smaller than in free space.
We show that under realistic conditions, this field con-
finement enables deterministic interaction between two
plasmons (i.e., photons) over picosecond time scales as
illustrated in Fig. 1ab, which is much shorter than the
anticipated plasmon lifetime [21]. We show how one can
take advantage of this interaction to realize a single pho-
ton switch (Fig. 1cd) and produce non-classical light.
Through electrostatic gating, it is possible to introduce
a net carrier concentration, which shifts the Fermi energy
~ωF away from the Dirac point to a non-zero value. The
in-plane conductivity of graphene is well-approximated
by the expression σ(ω) ≈ ie2pi~ ωFω+iγ at frequencies below
twice the Fermi frequency ω < 2ωF [22], which describes
a Drude-like response of electrons within a single band.
In realistic systems the conductivity will also have a small
term γ describing dissipation due impurity or phonon-
mediated scattering. There are two limits on the exis-
tence of low-loss SP modes in graphene. First, at frequen-
cies ω > 2ωF , graphene suffers from strong inter-band
absorption [15, 16]. Second for frequencies above the
optical phonon frequency ~ωop ≈ 0.2 eV, there is addi-
tional loss due to scattering into optical phonons [15, 23];
although narrow plasmons above ωop have recently been
observed in graphene nanorings [20]. To minimize the
losses we focus on the regime where the frequencies fall
below 2ωF and ωop. In this regime, we can approximate
γ = ev2F /µ ~ωF where µ is the mobility [24]. The abil-
ity to tune ωF , and consequently the optical properties,
through electrostatic gating makes graphene unique com-
pared to normal metals.
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FIG. 1: a) A doped graphene disk confines photons as plas-
mons to mode volumes millions of times smaller than free
space. b) This induces a large dispersive nonlinearity η (de-
fined in Eq. 5) so that only a single photon can resonantly
excite the cavity. c) Integrated nonlinear optical circuit for
using the graphene plasmon cavity to realize a single pho-
ton switch. First the photons are converted into planar plas-
mons of a graphene waveguide via a grating, then they cou-
ple to the plasmon cavity, after which they are converted
back into waveguide photons. For the frequencies we consider
the waveguide and grating could be fabricated from etched
Si. d) Top down view of the plasmon cavity from (c) show-
ing the width W of the plasmon cavity, the width W ′ the
graphene nanoribbon, and the spacing d between the cavity
and nanoribbon.
Like in noble-metal plasmonics [25], the free nature
of charge carriers described by the Drude response gives
rise to SP modes in graphene [14, 15]. At first order in
ksp/kF the SP dispersion is given by
ω2sp =
e2ωF
2pi0~
ksp ≈ 4.2ωF vF ksp (1)
where vF ≈ 106 m/s is the Fermi velocity [13]. This
dispersion relation implies a remarkable reduction of the
SP wavelength compared to the free space wavelength
λ0 = 2pic/ωsp, as λsp/λ0 ∼ vF /c ∼ 3 · 10−3. Thus,
the smallest possible mode volume of a graphene SP res-
onator, V ∼ λ3sp, can be ∼ 107 times smaller than in free
space [16].
Nonlinear plasmonics in graphene - To describe the
nonlinear properties of the plasmons we employ the semi-
classical Maxwell-Boltzmann equations (MBE). This is
a good approximation when the plasmon momentum is
much less than the Fermi momentum and the plasmon
properties are dominated by intra-band transitions. The
distribution function f(x,k, t) for an electron at in-plane
position x and with Bloch momentum k evolves under
the Maxwell-Boltzmann equation as
∂tf + vF kˆ · ∂xf + e∂xϕ · ∂kf = 0, (2)
where the electostatic potential φ(x, z, t) satisfies Pois-
son’s equation ∇2φ = enδ(z)/0. Here z is the out-
of-plane coordinate and n =
∫
dk f is the 2D electron
density. For weak excitations of the electron distribu-
tion, the term ∂kf in the Maxwell-Boltzmann equation
can be replaced by the equilibrium value ∂kf
(0), yield-
ing a linear equation supporting SPs with the disper-
sion given in Eq. (1) and an electrostatic wave given by
E = −∇φ ∝ δn sin(kx− ωt).
For sufficiently large density perturbations δn, the non-
linear interaction between the non-equilibrium distribu-
tion ∂kf and potential must be accounted for. This effect
can be interpreted as a backaction induced by the elec-
trostatic wave on the electrons via a ponderomotive force
Fp ∼ ∂xE2 ∼ kδn2 sin 2kx, which grows with the ampli-
tude of the SPs. This nonlinear force directly excites
a second plasmon wave at wavevector 2k and frequency
2ω, i.e. second harmonic generation, and gives rise to the
second order conductivity calculated in Ref. [26]. We
show (see supplementary material [27]) that this leads
to a nonlinear shift at the original wavevector k and fre-
quency ω, with an effective third order conductivity for
the SPs given by
σ(3)(ksp, ω) = −i3pi
4
v4F
ω3F
20
~ω
. (3)
This result differs from the nonlinear conductivity as seen
by free-space light normally incident on a graphene sheet,
where one finds that σ(3) ∼ 1/ω3 [28]. Remarkably, as
we discuss next, the tight confinement of SPs in graphene
implies that the fields associated with even single quan-
tized SPs are strong enough that nonlinear effects are
observable.
Nonlinear Graphene Plasmon Cavity - Anticipating
the large strength of nonlinear interactions at the level
of single SPs in nanoscale graphene resonators, we are
motivated to introduce a quantum description of such a
system. We write the Hamiltonian as H = H0 + Hc,
where H0 characterizes the excitation spectrum of the
graphene resonator, and Hc describes an external cou-
pling to the resonator (as in Fig. 1cd), which allows one
to probe the resonator properties or utilize the nonlinear-
ities for applications such as a single-photon transistor.
We first consider the intrinsic properties of the res-
onator given by H0. Considering the fundamental SP
mode of the resonator with corresponding annihilation
operator aq and number operator nq = a
†
qaq, the effec-
tive Hamiltonian H0 is given by [27, 29, 30]
H0 = (ωq − iκ/2 + ηq(nq − 1))nq. (4)
This Hamiltonian describes the quantum analog of a cav-
ity exhibiting an intensity-dependent refractive index,
where the resonance frequency ωq + ηq(nq − 1) shifts de-
pending on the intra-cavity photon number. Here we
have also included the total cavity linewidth κ = κex + γ
into the cavity description which includes the intrinsic
losses γ and radiative losses of the cavity into other opti-
cal or plasmonic modes, given by κex. For graphene, the
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FIG. 2: a) Nonlinear shift (calculated from Eq. 5) for the
fundamental mode relative to the plasmon linewidth with
decreasing mode volume V0 = (λsp/λ0)
3. Here we take
the linewidth as γ = ev2F /µ ~ωF with the Fermi energy
~ωF = 0.2 eV and a mobility of µ = 105(104) cm2/Vs corre-
sponding to a quality factor of roughly 600(60). b) g(2)(t) for
the graphene plasmon cavity driven by a weak coherent state
for ~ωsp = 0.2 eV and two different mobility. g(2)(0) < 1
indicates a transition to an effective two-level system as illus-
trated schematically in Fig. 1ab.
nonlinear interaction strength is given by [27]
ηq =
7pi ωq
64A k2F
√
q3
2αgk3F
, (5)
where αg ≡ e2/4pi0 ~ vF ≈ 2 and A is the mode area
of the resonator, which can be given by A = λ2sp/4 for
a diffraction-limited structure. The ηq ∝ A−1 scaling
reflects that the field intensity of a single SP grows in-
versely with its confinement. For such small structures
one might expect that quantum size effects become im-
portant; however, as shown in Ref. [31], for graphene
nanostructures larger than ∼ 10 − 20 nm the use of the
bulk dielectric response is a valid approximation.
At the quantum level, the interaction parameter 2ηq
indicates the additional energy cost to excite two versus
one photon in the cavity, as can be seen in the cavity ex-
citation spectrum (Fig. 1b). When 2η  κ, the graphene
sheet behaves as a two-level atom because it can only res-
onantly absorb a single photon as illustrated in Fig. 1a;
thus we describe this as the quantum nonlinear regime.
The ratio 2ηq/κ is then a good measure of the quality of
the cavity as a quantum emitter. Fig. 2b shows 2ηq/γ
for the fundamental mode with decreasing mode volume
(assuming mobilities of 105 and 104 cm2/Vs), where we
see that this ratio can be as large as 100. The param-
eter η/κ ∝ Q/A, where Q is the quality factor of the
resonator.
The enabling mechanism for a two-level atom to be
useful for quantum information processing is that it can
only emit single photons at a time. This can be character-
ized by the second order correlation function of the emit-
ted light, which is identical to that of the cavity mode,
g(2)(t) = 〈a†(τ)a†(t + τ)a(t + τ))a(τ)〉/〈a†(τ)a(τ)〉. For
a stationary process, g(2)(0) < 1 indicates non-classical
“anti-bunching” and approaches g(2)(0) = 0 in the limit
of an ideal two-level emitter. We consider the case where
the resonator is driven by an external laser from the side
and emission is collected from a different direction. In
the limit of weak driving we find that
g(2)(0) =
κ2
4η2 + κ2
, (6)
thus establishing η . κ as the regime where quantum
properties become observable. In Fig. 2b we take κex = 0
and we see that, for the largest nonlinearities, g(2) < 1
can be readily observed for high mobility graphene.
Efficient coupling and a single-photon switch - In or-
der to exploit the large nonlinearity of graphene, we need
an efficient method to convert SPs into external opti-
cal modes on time scales short compared to the intrinsic
losses. Specifically, one needs that the total linewidth
κ = κex + γ contains a large component κex that goes
into desirable external channels compared to the intrinsic
losses γ. One approach is to use the direct dipolar emis-
sion of the cavity into free space radiation. For the square
cavities described above, the dipole moment is given by
p = 2 e k2F /k
3
sp which gives a decay rate into radiation of
κex =
k30 p
2
3pi0~
=
16αg
3
k3F
k3sp
V0 ωF (7)
where V0 ≡ (λsp/λ0)3. For cavities in the quantum non-
linear regime, this is a small contribution to the total
losses; thus, a more practical approach is needed for cou-
pling the photons to free space.
We envision a two-step process illustrated in Fig. 1cd:
first a waveguide photon is converted into the planar
plasmon of a graphene waveguide via a dielectric grat-
ing, then this plasmon can tunnel directly into the non-
linear cavity. We first consider the direct coupling be-
tween the cavity and the bulk plasmons. We take the
cavity of width W to be separated a distance d from a
long nanoribbon of width W ′ as shown in Fig. 1d. For
d  W,λsp the coupling is dipolar and small, which al-
lows us to calculate the decay of the fundamental cavity
mode into the nanoribbon via Fermi’s golden rule [27]
κc−r =
32
pi2
krF
kcF
W ω
k∗spk4spd6
(8)
where kr,cF is the Fermi wavevector in the nanoribbon (r)
and cavity (c) and k∗sp is the wavevector for the nanorib-
bon plasmon that is resonant with the cavity mode. The
cavity can be efficiently controlled through the nanorib-
bon by operating at a distance d such that this decay is
the dominant loss channel for the cavity.
Once the plasmon is in the nanoribbon it still remains
to out-couple it to the waveguide. Due to the large mis-
match in wavevectors, ksp/k0 ∼ c/vF , the bare coupling
of the plasmons to the waveguide mode will be very small.
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FIG. 3: a) Single photon transmission through the device depicted in Fig. 1cd. We take ξ = k0/2 and P  1 so the only losses
are in the nanoribbons. The plasmon frequency is 0.2 eV and we assume the decay rate γ is dominated by impurity scattering.
The three curves are for a fixed plasmon frequency with increasing Fermi energy, which increases the spatial propagation length
of the plasmons. b) Bunching in reflection for two incident photons from the left with ~ωsp = 0.2 eV, EF = 0.23 eV, P = 2, and
mobility µ = 104(105) cm2/V·s (dashed(solid)) corresponding to a lifetime of 0.2(2) ps and a cavity quality factor of 60(600).
e) Antibunching in transmission for P = 0.1 with other parameters as in (a).
Achieving efficient conversion between conventional op-
tics and plasmons (in graphene and noble metals) is an
area of active research with several different approaches
being pursued [32–38]. We consider the conceptually sim-
plest solution, which is to directly fabricate a dielectric
grating to enable momentum conservation, as recently
demonstrated in Ref. [38]. We take a single-mode di-
electric slab waveguide in vacuum coupled to a graphene
nanoribbon via the dielectric grating. For the frequencies
we consider here one could fabricate the waveguide and
grating by etching Si. For parallel propagation, the grat-
ing wavector kg should be given by kg = ksp − k0. This
geometry can be analyzed via coupled mode theory and
optimized as a function of the slab thickness [39]. Taking
the grating profile to be of the form g(x) = δ cos kgx
gives the power conversion for weak losses between the
waveguide and plasmon mode as cos2(ξx) where ξ is spa-
tial coupling between the TM mode of the waveguide and
nanoribbon
ξ ≈
√
W
W ′
δ e−γ⊥hk0 (9)
Here W ′ > W , γ2⊥ = β
2 − k20 is the transverse wavevec-
tor of the slab mode, β is the longitudinal wavevector,
and h is the distance between the slab and the graphene.
Because the factor in ξ in front of k0 is order unity,
the plasmon conversion for a weak grating is limited to
distances ∼ λ0  λsp. As a result the spatial decay
rate of the plasmons must be much larger than k0 to
achieve efficient conversion. When losses are dominated
by impurity scattering the spatial decay rate is given
by γ ksp/ωsp ≈ evF ~ωsp/2µE2F , which decreases with
Fermi energy. Fig. 3a shows the transmission of a single
photon through the geometry displayed in Fig. 1cd.
The device depicted in Fig. 3ab can be used as a non-
linear single-photon switch. To characterize this pro-
cess, it is first necessary to understand how an input
field through the waveguide is transformed upon in-
teracting with the nonlinear resonator, which can be
done through an input-output formalism. In the case
of Fig. 3ab of a resonator equally coupled to two waveg-
uides, the resonator evolves under the incoming fields of
the left- and right-going modes under the Hamiltonian
Hc =
√
κex(a
r
in + a
l
in)a
† + h.c., while the output fields
are given by a
r(l)
out = a
r(l)
in + i
√
κexa.
This one dimensional model has been solved exactly
for the case of one and two resonant photons input from
a single direction in the waveguide [40]. The response is
characterized by the effective Purcell factor P = κex/γ,
which measures the fraction of cavity emission into the
waveguide, and the normalized nonlinearity η˜ = η/κ.
The transmission t and reflection r coefficients for a single
photon incident on resonance with the cavity are given by
t = −P/(1 + P ) and r = 1/(1 + P ). The two photon re-
sponse, however, is modified by the nonlinearity. For ex-
ample two photons at frequency ωsp will be blocked from
entering the cavity due to the nonlinearity. This leads
to antibunching in the transmission and bunching in the
reflection as shown in Figures 3bc. The suppression in
the transmission scales as η˜2 similarly to Eq. 6, while the
bunching in reflection scales as P 4 for η˜  P  1 [40].
Fig. 3c shows that such a device realizes a single pho-
ton transistor where one control photon can block several
signal photons from propagating through the cavity for
a time given by the inverse cavity lifetime.
Experimental tests of these ideas require single pho-
ton detectors in the mid-infrared wavelength regime be-
tween 2 and 10 µm. While this is challenging to realize,
recent work on superconducting nanowire single photon
detectors (SNSPD) and transition edge sensors (TES)
have achieved single photon detection in this regime [41–
43]. Alternatively, frequency up-conversion may allow
5efficient detection [41].
Our analysis shows that graphene plasmonics may pro-
vide a powerful platform for the nonlinear quantum opti-
cal control of light. Combined with the scalable fabrica-
tion of graphene this could allow the creation of complex
quantum networks for many applications in quantum in-
formation and quantum simulation, as well as in classical
nonlinear optics. Such a system is ultimately limited ei-
ther by the losses in graphene or the strength of the non-
linearity. We estimate currently achievable quality fac-
tors for the plasmon cavity range from 10−103; however,
estimates of the ultimate limit to the graphene plasmon
lifetime suggest that quality factors greater than 104 are
possible [21]. To enhance the nonlinearity further hybrid
structures can be envisioned if one could fabricate the
structure on top of a strong nonlinear substrate.
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6Supplemental Material
Nonlinear conductivity - The nonlinearity can be de-
rived from the Boltzmann equation for the 2D electron
distribution function f(x,p, t), which is a function of two
space x = (x, y) and two momentum p = (px, py) vari-
ables and time t, and Poisson’s equation for the electric
potential ϕ(x, z, t)
∂tf + vF pˆ·∂xf + e∂xϕ · ∂pf = 0 (S.1)
(∂2x + ∂
2
z )ϕ = e n δ(z)/0 (S.2)
where the 2D electron density is defined as n ≡ ∫ dkf ,
∂x = ∂xxˆ+∂y yˆ, and ∂p = ∂px xˆ+∂py yˆ. Eq. S1 is written
for electron doping, for hole doping the equations and
final results would be the same after taking the oppo-
site electron charge. These equations are an extension
of the Drude model to describe intraband transitions.
Taking x to be the propagation direction, the nonlinear
equations for the electron density n and current density
n v¯ =
∫
dk vF kˆ f can be derived as
∂tn+ ∂xn v¯ = 0 (S.3)
∂tv¯ − e
m∗
∂xϕ+ v¯ ∂xv¯ +
3e
2m∗n0
∂xϕ δn = 0 (S.4)
where the effective mass for the plasmon excitations is
m∗ = ~kF /vF , δn = n − n0, and n0 ≡ k2F /pi is the
equilibrium electron density. Linearizing these equations
around n0 and v¯ = 0 gives the plasmon dispersion from
Eq. 1 in the main text [44]. The nonlinearity is de-
scribed by the last two terms in Eq. SS.4, where the sec-
ond term, ∝ ∂ϕδn, arises from the linear band structure
in graphene and is absent for electrons with a parabolic
dispersion. To find the nonlinear conductivity, we can
expand v¯ and n in spatial Fourier components and solve
the resulting coupled equations together with Poisson’s
equation [29]. This allows us to express σ3(ω) through
the identity env¯ = σ(ω)E + σ3(ω)E3.
To solve for the nonlinear shift in the cavity, we use
the boundary condition that the current density perpen-
dicular to the edge is zero at the edge. This allows us to
represent v¯ = xˆ
∑
p vp sin px and n =
∑
q nq cos qx where
q = mksp for some integer m. Inserting this solution into
Eq. SS.3-S.4 leads to coupled nonlinear equations for nq
and vq
∑
p
sin px
(
v˙p −
ω2p
n0p
np
)
=
1
2
∑
p,q
[pvpvq sin(p− q)x
−
(
pvpvq − 3
2
ω2p
p
npnq
n20
)
sin(p+ q)x] (S.5)∑
p
cos px(n˙p + n0pvp) =
1
2
∑
p,q
npvq
[
(p− q) cos(p− q)x
−(p+ q) cos(p+ q)x] (S.6)
where ω2p =
e2ωF
2pi0~2 p . These equations can be solved in
perturbation theory to find the nonlinear frequency shift
of the plasmon resonance as
δωp =
ωp
16
δn2
n20
(
5ω2p + ω
2
2p
4ω2p − ω22p
− 2ω
2
p
ω22p
)
≥ 5
32
ωp
δn2
n20
(S.7)
Quantizing the plasmon mode - To quantize the plas-
mon mode we use the Hamiltonian [30]
H =
1
2
∫
dx e δnϕ+
1
2
∫
dxn0m
∗v¯2
=
Am∗
4n0
∑
q
1
q2
(ω2q δn
2
q + δn˙
2
q)
(S.8)
where A = pi2/k2sp is the area of the graphene sheet
and we used the relation v¯q = −δn˙q/q n0 from the
continuity equation. This Hamiltonian can be quan-
tized in the usual way by defining δnq =
γq
2ωq
(aq + a
†
q)
for bosonic operators aq such that a˙q = −iωqaq and
γq = 2q
√
ωqωF /piA. This leads directly to Eq. 4 in the
main text.
Coupling between nanoribbon and cavity - To calcu-
late the coupling between the cavity and the proximal
nanoribbion we use the electric potential of the nanorib-
bon plasmons acting on the graphene cavity
ϕr(x) =
1
4pi0
∑
k
∫
dx′
e nrk cos kx
′
|x+ d− x′|
≈ Wr
4pi0
∑
k
e nrk
k2(x+ d)2
(S.9)
where we assumed d  W,λsp. Inserting this into
Eq. SS.4 gives the coupling between each plasmon mode
k in the nanoribbon with the plasmon mode q of the
cavity as
κkq =
8
pi
√
krF Wr
kcFL
ωc 2q
ωrk + ω
c
q
1
q2k d3
(S.10)
where L is the length of the nanoribbon, kr,cF is the Fermi
wavevector and ωr,ck is the dispersion of the ribbon(r) and
cavity(c). Applying Fermi’s Golden rule gives the decay
rate of the cavity mode into the nanoribbon plasmons
given in Eq. 8.
